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Abstract 

Liouville Quantum Field Theory can be seen as a probabilistic theory of 2d Riemannian metrics 
e^^dz 2 , conjecturally describing scaling limits of discrete 2d-random surfaces. The law of the random 
field (j> in LQFT depends on weights tt£l that in classical Riemannian geometry parametrize power law 
singularities in the metric. A rigorous construction of LQFT has been carried out in [2] in the case when 
the weights are below the so called Seiberg bound: a < Q where Q parametrizes the random surface 
model in question. These correspond to conical singularities in the classical setup. In this paper, we 
construct LQFT in the case when the Seiberg bound is saturated which can be seen as the probabilistic 
version of Riemann surfaces with cusp singularities. Their construction involves methods from Gaussian 
Multiplicative Chaos theory at criticality. 
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1 Introduction and main results 

In this paper we continue the rigorous study of the two dimensional Liouville Quantum Theory or Liouville 
Quantum Gravity (LQG) started in [2] by means of probabilistic tools. We summarize in this introduction 
only the main points established there and then we describe our results. We refer the reader to [1, 3, 8 , 9, 
10, 12] for seminal physics references on LQG and to [2] for more background and references in maths and 
physics. 

1.1 Summary of LQG 

The LQG is a probabilistic theory of Riemannian metrics of the form e yX g where g is a fixed smooth 
Riemannian metric on a two dimensional surface E and A is a random field on E whose law is formally 
given in terms of a functional integral 

E[F(A)] = Z~ x J F(X)e~ SL{X ’ 9) DX (1.1) 

where Z is a normalization constant, DX stands for a formal uniform measure on some space of maps 
X : E —> R. and 

S L (X,g) := ^ J^{\d 9 X \ 2 + QR g X + 4 tt^ x ) dX g (1.2) 

is the so-called Liouville action, where d 9 , R g and X g respectively stand for the gradient, Ricci scalar 
curvature and volume measure in the metric g (see Section 2 for the basic definitions used in here). The 
parameter jx > 0 is called “cosmological constant”, 7 € [ 0 , 2 ) is a parameter that is determined by the 
random surface model in question and Q = + Z. 

I * 

The rigorous definition of the integral (1.1) in the case of the sphere E = § 2 was carried out in [2]. In 
the sequel, by stereographic projection, we will often identify § 2 with M 2 U { 00 } (the identification should 
be clear from the context). We take g = g{z)\dz\ 2 conformally equivalent (Section 2) to the standard round 
metric and set 

X = c + X g 

where X g is the Gaussian Free Field with vanishing A g -mean on the sphere § 2 , J X g X g = 0 (Section 2), and 
c€l . Definition of the Liouville term e yX dX g requires a regularization and a renormalization. Let 

1 [ 2l * 

X ^=2 Wo X ^ x + ee ‘ ^ d6 - (!- 3 ) 

be the circle average regularization of the GFF and define the random measure 

dAR = lim e i(x g ,.+Q/2ing) dx ( 1 . 4 ) 

where dX is the standard Lebesgue measure. The limit is in probability in the sense of weak convergence of 
measures. M 1 is a random measure on § 2 with total mass M 7 (§ 2 ) almost surely finite. 

The precise definition of e~ Sh DX is given by the measure 

dn L (X) := e ~^^ 2 § 2 ) dP (x g ) dc (1.5) 

defined on ff _1 (§ 2 , A s )xl. This measure is not normalizable to a probability measure due to the c variable. 
Indeed, by the Gauss-Bonnet theorem, ^ f g2 R v dX g = 2 Q and thus the total mass of dg,L is infinite due 
to divergence of the c-integral at — 00 . This divergence is related in an interesting way to the (quantum) 
geometry described by the LQG. 
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First, Liouville theory is conformally invariant. With this respect, one should distinguish the classical 
and quantum theory. On the classical level, one studies the functional (1.2) on a functional space and chooses 
Q = ^ to ensure that it is invariant under the following action of group of Mobius transformations if of § 1 2 

S L (X^,g) = S L (X,g) (1.6) 

where X^ = X o if + i In g^ = |V' / | 2 g o if 1 . On the quantum level, one is interested in the path integral 
formulation (1.1). It was proven in [2] that 

J F{X^)dp L (X) = J F(X)dg L (X) (1.7) 

for F € L 1 (/Xi) where now X ^ = Xoi/; + %\n^- and Q = ^ ^ 2 . 

The invariance of g,L under the action of the non-compact group SL(2,C) is one reason to expect that 
fiL has infinite mass. The other reason has to do with the fact that the classical action functional (1.2) 
is not bounded from below. Indeed the minimizers of the Liouville action are the solutions of the classical 
Liouville equation R e ~,x g = . These are metrics conformally equivalent to g with constant negative 

curvature. On § 2 there are no smooth negative curvature metrics since by the Gauss-Bonnet theorem the 
total curvature is positive. 

Both of these problems can be fixed by adding punctures to the sphere. Let Zi € § 2 , a* € K, i = 1,..., n 
and consider the measure ]~[. e aiX ^ The vertex operators e aX ^ require renormalization. Define 

V ai£ (z) = e T e “(c+W,d0+Q/ 21n 9(0) (1.8) 

and set 

n Q , z , e := J n V ai , e ( Zi )dvL(X), (1.9) 

i 

Due to the c variable this exists only if Y2i a i > 2Q. In [2] it was shown that II Q . Z = lim c _>.o II Q . z . e > 0 if 
and only if cti < Q for all i. Briefly, the reason for this is as follows. One can absorb the vertex operators in 
(1.9) by an application of the Girsanov transform i.e. by a shift of the gaussian field X g —> X g + Ft with 

H{z) = ^ a iG g (z, Zi). (1.10) 

i 

where G g is the covariance of the GFF. Taking g equal to the round metric g (with R g =2), this leads to 


n Q , z = K(z) 


e (E, 0,-2<J)c( Ee -#.e' ,e / elHdM i)dc 


( 1 . 11 ) 


with 


X (z) =Y[g(z i )-^ + % ai eiZ,i*i 


In 2-1/2 


E«( 


( 1 . 12 ) 


1 In fact, following standard conventions in the physics literature, one can absorb the metric dependence of the action by 
shifting the field X , i.e. introducing the Liouville field 4>(x) = ^ In g(x). This convention was used in [2] and will also 

be used later in this paper: see definition (1.21). In this case, the action can be written with respect to the standard Euclidean 
distance as background metric on R 2 and takes on the following form: 

Sl(4>,9) ■= 7 - f (\d<t>\ + 47r/je 7 ^)(iA, ~ ^ In g, 

4tt J m 2 2 

where recall that A is the standard Lebesgue measure and ~ says that the difference is bounded. In this case, we get the 
invariance Sl{4> ° ^ + Q In |t//| ,g) = which is more familiar with the physics literature. One also gets an analogue on 

the quantum side. 

iL 

2 The extra term ^ comes from the e 2 -renormalization of (1.4). 
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Due to the logarithmic singularity of G g the integrand e lH ^ blows up as \z — z . t | _a<7 when z —> Zi. By 
analyzing the modulus of continuity of the Gaussian multiplicative chaos measure it was shown in [2] that 
J e lH dM 1 is a.s. finite if and only if ct; < Q. Moreover, the probability measures 

:=n■i, e n^, e N^W. (1.13) 

i 

converge 

lim Pq, z e = P Q ,z- (1-14) 

£-K) 

The bounds Y^i a i > 2 Q and cq < Q are called the Seiberg bounds (see also [12]). They lead to the 
conclusion that to have a nontrivial correlation function of vertex operators one needs at least three of 
them. Note that fixing three points on the sphere fixes also the SL( 2,C) invariance. When we have three 
insertions with on = 7 the law of the chaos measure e 7 C M 7 under P ajZ is conjectured to agree with the 
scaling limit of planar maps decorated with a critical statistical mechanics model and conformally embedded 
onto the sphere. In [2] this correspondence was checked explicitly for the law of the total volume e 7 C M 7 (§ 2 ). 

It is instructive to consider the classical problem in the presence of vertex operators i.e. with their 
logarithms subtracted from the Liouville action (the reader may consult [13] for further explanations than 
those given below). Performing the substitution X = c + H + X with f XdXg = 0 this functional becomes 
using the classical value Q = z: 

^ - H ai ) c+ 4 T [ \dX\ 2 +ne lc j e lX d\ g — In A'(z) (1.15) 

7 i Js 2 J s 2 

where g = e 7 ^<? and A'(z) is given in (1.12). (1.15) is bounded from below iff V ,. at > The volume form 
A g is integrable provided a, < 4. These are the classical versions of the Seiberg bounds. The metric g has 
negative curvature in the complement of the punctures and a conical singularity at z% with the angle 6i of 
the cone equal to 7r(2 — aij), that is, a neighborhood of Zi is asymptotically isometric to a neighborhood 
of the tip of a cone with the map z —> z^. The second Seiberg bound thus states that the angle needs to 
be positive. In this case (1.15) has a bounded minimizer (c,X). Note also that again we need at least three 
punctures to satisfy the Seiberg bounds. 

1.2 Main Results 

In this paper we extend the analysis of [2] to the case of vertex operators with weight Q , called Q-punctures. 
Classically as on —> f the minimizer H of (1.15) is no more bounded and the metric e lH(yZ ^ g blows up as 
(take Zi = 0) (|,z| In |z|) - 2 |cfc| 2 . Geometrically this corresponds to a cusp singularity of the metric with 
the volume around the puncture finite whereas distances become infinite. These are the so called parabolic 
solutions of the Liouville equation. 

In the quantum case as noted above, n Q Z tends to zero as oti —> Q. However, a simple renormalization 
suffices for obtaining a nontrivial limit . 

Theorem 1.1. Let ]Tb ck* > 2 Q and on ^ Q with exactly k of the on equal to Q. Then the limit 

lim(-lne)^n a z e := n a z (1.16) 

e ->0 ’ 

exists and is strictly positive. Moreover, the limit 

lim P a z e := P a z (1.17) 

£->o ’ ’ 

exists in the sense of weak convergence of measures on H“ 1 (§ 2 ). 

3 t In fact we will use a slightly different definition of n,.. z . from (1.9) because we will regularize simultaneously the vertex 

operators (1.8) and the measure fiL defined by (1.7) (see equation (3.1)). 
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This theorem means that the vertex operator Vq needs an additional factor (— In e) T for its normalization 
in addition to the Wick ordering used for a < Q. This normalization is familiar from the Seneta-Heyde 
normalization needed for the construction of the multiplicative chaos measure at criticality [5, 6]. As in that 
context an important ingredient in the proof of convergence (1.16) is to show that the limit agrees (up to a 
multiplicative constant) with the one constructed with the derivative vertex operator 

VqA z ) = --^\a=QV a A z ) = —(Qlne + c + Xg : e + In g)V a<e ( 2 ). (1.18) 

Let H a ,z,e be the correlation function where for a.i = Q we use Vq^(z). Then 

Theorem 1.2. 

iimn a , z , e = (£)*n a ,„ (1.19) 

The convergence (1.17) extends to functions of the chaos measure. Let E QiZ)e denote expectation in n QZ>e 
and let F = F(X,v) be a bounded continuous function on H~ 1 { S 2 ) x Al(§ 2 ) where Al(§ 2 ) denotes Borel 
measures on S 2 . Define the Liouville measure 


Z := e JC Mj 

and the Liouville field 

0:=X + f In g. 


Then 


( 1 . 20 ) 

( 1 . 21 ) 


Theorem 1.3. With the assumptions of Theorem 1.1, Wj a ^ e F(4>, Z) converges as e —> 0 to a limit E a ^F 
which is conformally covariant 

E a, z E(0, Z) = E a ^(y.)F((t> o if + Q In \if'\,Z o if) 

and independent of g in the conformal equivalence class of g. Moreover, the law of Z( S 2 ) under P a , z is given 
by the Gamma distribution 

— nOO 

E a , z F(Z( S 2 )) = -^-/ FMyS-'e-™ dy, a := V - 2Q (1.22) 

Wj)Jo 

and the law of the random measure Z(-)/A conditioned on Z(E> 2 ) = A does not depend on A. 

Remark 1. The correlation functions Tl a z have the same properties as in the on < Q case proven in [2]: 

conformal covariance, Weyl covariance and KPZ scaling. Since the statements are identical we refer 
the reader to [2] recalling here only the KPZ formula for the p-dependence: 

2Q-Ei °i 

n a , z — P 7 Ra )Z |/x=l* 


Remark 2. Theorem 1.3 is the quantum analog of the convergence of the elliptic solutions of the Liouville 
equation to parabolic ones as one saturates the second Seiberg bound. As in the classical case, the quantum 
volume of the metric is a.s. finite. 

Remark 3. With some extra work it should be possible to prove that the measures P Q . Z with a, < Q for all 
i = 1,... n converge as a., f Q, i = 1,... k to the P ajZ constructed in this paper by proving that 

k 

lim TT(^ ~ cxi)~ 1 Ll a ,z (1.23) 

out Q , 

1=1 

has a limit. We leave that question as an open problem. 
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Remark 4. It is natural to ask about the convergence of the quantum laws P a z to the classical solutions 
of the Liouville equation i.e. the semiclassical limit 7 —> 0. For this, let us take, for i = 1,..., k o.i = Q 
and for i > k 


OLi 


Xi 


7 


with Xi < 2 and /i = ^ for some constant po > 0. Then we conjecture that the law of 7X under P ajZ 

converges towards the minimizer c + X of equation (1-15) which has cusp singularities at Zi, i ^ k and 
conical ones at the remaining Zi. 


Finally, let us mention that these Q-punctures are especially important to understand how to embed 
conformally onto the sphere random planar maps with spherical topology weighted by a c = 1 conformal 
field theory (like the Gaussian Free Field). Indeed, in the case c = 1, one can formulate the conjecture 
developed in [2, subsection 5.3] with 7 = 2 and Q = 2: the vertex operators with 7 = 2 in [2, conjecture 2] 
are precisely the Q-punctures constructed in this paper. Though we do not treat explicitly the case 7 = 2, 
the techniques we develop adapt to this case. 


2 Background and notations 


Here we recall some background, taken from [2], which will be used throughout the paper. 

Basic notations. B(x,r) stands for the ball centered at x with radius r. We let (5(R 2 ) stand for the space 
of continuous functions on R 2 admitting a finite limit at infinity. In the same way, C' fc (R 2 ) for k ^ 1 stands 
for the space of fc-times differentiable functions on R 2 such that all the derivatives up to order k belong to 
C(R 2 ). 


Metrics on § 2 . The sphere S 2 can be mapped by stereographic projection to the plane which we view both 
as R 2 and as C. We take as the background metric the round metric on S 2 which becomes on R 2 and on C 


9 = 


(i +14 


rcfar = 


(1 + zz)' 


;(dz ® dz + dz <g> dz). 


Its Ricci scalar curvature is R g = 2. We say a metric g = g(x)dx 2 is conformally equivalent to g if 

g(x) = e^g{x) 

with ip e C 2 (R 2 ) such that f R2 \dip\ 2 dX < 00. We often identify the metrics g with their densities g(x) (or 
g(z)) with respect to the Euclidean metric. We denote the volume measure g(x)X(dx) by A g {dx) where A is 
the Lebesgue measure on R 2 . The total volume of g is f R2 dXg = 47 t. 

Given any metric g conformally equivalent to the spherical metric, we let R 1 (§ 2 ) = H 1 (R 2 ,g) be the 
Sobolev space defined as the closure of (^“(R 2 ) with respect to the Hilbert-norm 



|h| 2 d\ g + 



\dh\ 2 d\. 


( 2 . 1 ) 


Gaussian free fields. For each metric g conformally equivalent to g , we consider a Gaussian Free Field 
X g with vanishing A g -mean on the sphere, that is a centered Gaussian random distribution with covariance 
kernel given by the Green function G g of the problem 

A g u=—2nf on R 2 , / ud\ g = 0 

Jr 2 

i.e. u = f G g (-, z)f(z)X g (dz) := G g f. In case of the round metric, we have the explicit formula 

W,Xg{z)Xg(z') = Gg{z,z') = In ^ ^(In g(z) + In g{z')) + In2 — |. (2.2) 


6 





The GFF X g lives almost surely in the dual space H 1 (S 2 ) of lf 1 (§ 2 ), and this space does not depend on 
the choice of the metric g in the conformal equivalence class of g. 

Gaussian multiplicative chaos. The circle average regularization (1.4) X gt of the free field X g satisfies 

lim E[A'g i£ (x) 2 ] + lne + i In< 7 ( 2 :) = In2 — | (2.3) 

uniformly on R 2 . Define now the measure 

M 7j£ := e^ e 7 ( *»,«+Q/2 | n$) dx ( 2 . 4 ) 


For 7 £ [0,2), we have the convergence in probability 


M 7 


= lim M 7 e = e 2 ( ln 2 ^ lim e 7 ' Y ® ,e 

e—>0 " e->0 




d\n 


(2.5) 


in the sense of weak convergence of measures. This limiting measure is non trivial and is a (up to a 
multiplicative constant) Gaussian multiplicative chaos [7, 11] of the field X g with respect to the measure 
Xg. 


3 Partition of the probability space 

The singularity at the Q-punctures will be studied by partitioning the probability space according to the 
maximum of the circle average fields around them. As we will see this is a local operation and it will suffice 
to consider the case with only one Q-insertion, say o.\ = Q, cti < Q, i > 1. Also, we will work from now on 
with the round metric < 7 ; the general case g = e^g is treated as in [2]. It will be convenient to modify the 
definition (1.9) slightly around the Q-insertion. For this remove an e-disc around the z\ 

D t :=R 2 \B{z i,e) 


and define 


n a ,,, e (F)= / e CTC E F{c + X g )\\V Zi ^ t ( Zi )e-^ CM ^ 

Jr l . 

where we use throughout the paper the notation 

er := ^ a* - 2 Q 


dc 


as in (1.22). We have then 

^z,a,eF = n a , z , e (F)/n QiZ) e(l). 

The Girsanov argument then gives II a)Z|e (.F) = K e (z)A e (F) with 


A e (F) = / e CTC E \F(c + X g + H e ) e - fJ - e ~' CJ '^ e ' yHedM ~ l 


dc. 


where (recall ( 1 . 10 )) 


/»27T 

H e (z) = y2&i Gg(zi + ee l °, z) 
J 0 


id dS 
2n 


and K e (z) converges to K of (1.12) as e —> 0. 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 
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Similarly for the derivative vertex operator (1.18) we get 


n a , z , e (F) = -K e ( z) / e CTC E 
Jr 

where 


7 c r 7 H, 


F(c-\-H e )(Q In e H e c-\- X^ e (zi)Q-\ng(zi))e ^ 


e 7 e 


H e ^ 


/»27T /*27T 


Gjfr + ee^ + ee"’)^^. 


dc. 

(3.6) 

(3.7) 


/o Jo 


Using (2.2) we see that the Qlne singularity in (3.6) is cancelled by the one in the i = 1 term in (3.7) so 
that Q lne + H e + §■ In g(z\) is bounded uniformly in e. Since n Zjaje (F) —► 0 as e —► 0 ([2]) we conclude that 
the limit, if it exits, of rL jQ , j£ (.F) equals the limit of K e (z)A e (F) where 


MF)= / e <TC E F{c + Xg, e + H e )(-c~Xg) 


= -Me 7C Sd. F He dM^ 


dc. 


(3.8) 


Hence Theorems 1.1 and 1.2 follow if we prove 
Proposition 3.1. Let F be bounded and continuous on H ~ 1 (§ 2 ). Then the following limits 

A(F ) = lim(—lne) T ^4 e (F) = ^ limH e (i 7 ') 


(3.9) 


exist and H(l) > 0. 

Now we partition the probability space according to the values of the maximum of the mapping u H>■ 
Xg tU {z\) over u £ [e, 1]. So we set 


M n<e ={ max Xg tU (z i) £ [n - l,n]}, n ^ 1, 

u £[ e , l ] 

Alo.e ={ max Xg tU ( Zl ) < 0}., 

u £[ e , l ] 

and we expand the integral A £ (F) along the partition made up of these sets (M n ^) n : 

A e (F)= J2 [ e CTC E[l Mn ,F{c + X- g F H^e-^ dM Adc~ ^ A e (F,n). 


(3.10) 

(3.11) 

(3.12) 


n > 0 *" 


n > 0 


For A e (F) we write 


Ae(F)= ^(A e (F,n) + B e (F,n)) 


n > 0 


with 


and 


-Me 7C f D e lHfL dM y 


A e (F,n)= / e CTC E l Mn . (n - X h M)F{c + Xg + H t )e 

J R L 

o-^ C Id. e7Hc dM -y 


dc 


dc. 


B e (F,n) = - / e ac E 1 Mnte (n + c)F(c +Xg + H c )e 

J R L 

Note that A e (F 7 n) ^ 0 for F ^ 0. We prove 

Lemma 3.2. Let F be bounded and continuous on 1L _1 (§ 2 ). Then for all n ^ 0 t/ie limits 

A(F,n) = lim(— In e) 7 A e (F, n) = \J2 /-k lim A f (F, n). 


(3.13) 

(3.14) 


e-K) 


e->0 


(3.15) 
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exist and A(l,n) > 0. Moreover 


n > o e e]o,i] 


sup (—lne)^A e (l,n) < oo 


(3.16) 





(3.17) 


5 e (5, n) —> 0, as e —»• 0. 


(3.18) 


n ^ 0 

Proposition 3.1 then follows from Lemma 3.2 since lim e _»o A e (F, e) = Y^A(F,n) follows from (3.15) and 
(3.16) by the dominated convergence theorem, idem for A. The remaining part of this paper is devoted to 
proving this lemma. 

4 Decomposition of the GFF and Chaos measure 

With no loss, we may set the Q insertion at Z\ = 0 and suppose that the other Zi are in the complement of 
the disc 5(0,1). We further denote by Fs (5 > 0) the sigma-algebra generated by the field Xg ’’away from 
the disc 5(0,6)”, namely 

F s = a{Xg(f ); supp / € 5(0, 6) c }. (4.1) 

Foo stands for the sigma algebra generated by Uax)-^ 5 - First observe that (see [2, 4, 11]) 

Lemma 4.1. For all 6 > 0, the process 


1 1 —^ Xg g e -t(0) — X§ t g(0) 

evolves as a Brownian motion independent of the sigma algebra F$. 

The following decomposition of the field Xg will be crucial for the analysis: 
Lemma 4.2. The field Xg may be decomposed 

X s (z)=X sm (0)+Y(z) 


(4.2) 


where the process r € R(j_ H > X§ jT .(0) is independent of the field Y ( z ). The latter has the following covariance 



Proof. From (2.2) we get using rotational invariance ’E[X§(z)X§ j \ z /i (0)] = E[A'g | 2 |(0)Ag | 2 /|(0)]. which in 
turn leads to independence: 


EA g{z)Xg{z') = EA §>n (0)X^| 2 ,, (0) + E Y{z)Y{z'). 



E [Y(re ie )Y(r'e ie ')] = ln|re ie - r'e i8 '| _1 - ■ ln|re™ - r’e iv \dudv. 



The claim follows from In \re lS — r'e lu \du = ln(r V r'). 


□ 


Now, we get the decomposition 


M 7 (dz) = c 7 M 7 (dz,Y) 
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where M 1 (dz , Y) is the multiplicative chaos measure of the field Y with respect to the Lebesgue measure A 

(i.e. E M 1 (dz,Y) = A (dz)) and c 7 := eT( ln2 “ 1 / 2 ) _ T E A’j, i ( c| ) 2 ] is some constant. 

We will now make change of variables z = e~ s+l8 , s £ R + , 8 £ [0,27t) and let py{ds,dd) be the 
multiplicative chaos measure of the field Y{e~ s+l6 ) with respect to the measure dsdd. We will denote by x s 
the process 

S £ M+ —^ X s -Xg j6 -s(0). 

We have arrived at the following useful decomposition of the chaos measure around Z\ = 0: 

Lemma 4.3. On the ball B( 0,1) we have the following decomposition of the measure M 7 : 

/* i /*oo p2iv 

/ T~vfQ M ^ dx } = c -y / / ^A(e- s e ie )e 1XB g(e~ s ) p Y (ds,dd) 

JA FI J 0 do 


for all A C B( 0,1) where p Y (ds,dd) is a measure independent of the whole process (x s ) s o- Furthermore, 
for all q £] — oo; 4f[, we have 


supE 

a>0 


a+1 




^ p Y (ds, dd 


< +oo. 


Proof. We have for q < A? 


E 


fl-|-1 



e^- x ^p Y (da,dO)) 


91 


< (2tt)«E 

g97SUp„£[(,,!] Ua+^-Za) 

E 

p Y ([a,a+ 1 ] x [0 , 27t]) ? 

= (2tt) 9 E 

e 97SUp„ e[0jl] (x 0+0 —X a ) 

E 

M[0,l]x [0,2 tt]) 9 

5 


(4.3) 


by stationarity of (s, 8) £ x [0, 27r] Y(e s e l6 ). By Lemma 4.1 the first exponent is Brownian motion and 
hence the expectation is bounded uniformly in a. From Gaussian multiplicative chaos theory [11, Theorem 
2.12], we have finiteness of the quantity E p Y ([ 0,1] x [0,27r]) 9 < oo, hence we get (4.3). 

□ 

It will be useful in the proofs to introduce for all a ^ 1 the stopping times T a defined by 

T a = inf{s; x s ^ a - 1}, (4.4) 

and we denote by Qr a the associated filtration. We have the following analog of (4.3) with stopping times 
Lemma 4.4. For all q ^ 0, n ^ 1, 

- r r 

k <7 1 


E 


T„ r-2 

T„_ 1 Jo 


0 l { x a - XT n _ 1 ) 


p Y (ds, dd 


< OO. 


(4.5) 


Proof. Using the independence of the processes x r and Y, Lemma 4.1 and stationarity of Y(s,8) in s we 
see that (4.5) is equivalent to proving 


E 


r 


e 7/3s p Y (ds, dd 


o Jo 


< oo. 


(4.6) 


where /3 is a Brownian motion independent of Y and r = inf{s; /3 S ^ 1}. We have 


E 


e 1 ^“p Y (.ds, dd 


o Jo 


< E 


Lt < 1 


T r>2 7T 


0 Jo 


e 7/3s py{ds, dd 


- E 


1 r 2n 


e 7/3s p Y (ds, dd 


o Jo 


2q 
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The second term is bounded by Lemma 4.3. The first one equals 

pT p2'K 


E E 

n ^ 1 

< E E 


l/2 n + 1 <r ^ 1/2" 


l 1/2 n + 1 <r < 1/2" 


0 ^0 


n ^ 1 


e 7/3s /zy(ds, cLO 

l/2 n- *" 1 /.2 tt 


e 7/3r /iy(dr, dd 


< ^ P(l/2 n+1 < r sC l/2 n ) 1/2 E 

n ^ 1 

< ^ P(l/2" +1 < r ^ l/2 n ) 1/2 E 


l/2 n+1 /*2-7r 


e 7/3r /ry(dr, dd 


2 g 


1/2 


> 1 


^sup^gjp j-n-l] 0(<T) 


E 


^([O^-"- 1 ] x [0,2 tt]) 9 




C Y e" c2 "ELy([0,2- n " 1 ] x [0,2 tt]) 9 


> 1 


< C Y e _c2 "E 

n > 1 


MM""" 1 ] x [0.2-"" 1 ])* 


One can find some constant C > 0 such that the covariance E [Y(e s e ie )Y(e s e le )] is bounded by 
In | —r j / ig , ^ + C hence by Kahane’s convexity inequality [11, Theorem 2.1] one gets the existence of 
some constant C > 0 such that 


E 


Mid 


■)— n— 1 


] x [o,2- n - 1 ]y 


C 


1 


2 n £(~q) : 


with f(—q) = —(2+ —q 2 ^-. Hence Y^ n ^ 1 e c2 "E/zy([0,2 " 1 ]x[0,2 ra 1 ]) 9 ]^ < oo, which concludes 

the proof. □ 

Finally, we will consider a probability measure associated to the martingale (/") £ e]o,i] defined by 

fe =1 .1 ■ „ x (n) > r ) \( n ~ X lnl)- ( 4 -7) 

\ mm„ e | e l ] n-A 5i „(0) ^ 0 j- e 


The martingale property of (/”) e g]o.i] is classical and results from Lemma 4.1 as well as the stopping time 
theorem. We can define for each e €]0,1] a probability measure on T e by 


0 ? = 


E[/ e ' 


r f?dP, 


where one has the following bound E[/"] = E[/”] ^ n + C for some constant C. Because of Lemma 4.1 
and the martingale property of the family (fg')se] o,i], it is plain to check that these probability measures 
are compatible in the sense that, for d < e 


= ©"■ (4.8) 

By Caratheodory’s extension theorem we can find a probability measure 0 n on such that for all e s]0,1] 

0"k = 0" • (4.9) 

We denote by E e " the corresponding expectation. 

Recall the following explicit law of the Brownian motion conditioned to stay positive 

Lemma 4.5. Under the probability measure 0™, the process 


te-^n — Xt 


evolves as a 3 d-Bessel process starting from n — Xq where x$ is distributed like Xg t \ (under P_) conditioned 
to be less or equal to n. 
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We will sometimes use the following classical representation: under 0", the process i 4 n — x t is 
distributed like \n — Xq + B t \ where B t is a standard 3d Brownian motion starting from 0 (here, we identify 
n — x o with (n — Xo)(l, 0, 0)). 


5 Construction of the derivative Q-vertex 

In this section, we prove the claims in Lemma 3.2 concerning A e . 
Proof of (3.18). From (3.14) we get 


\B e (F,n)\ 


C E 


L M„ 


\n + ce 


~^ c f D 


: dM-y 


dc. 


Recall that \zt\ > 1 for i ^ 2. Then, recalling (3.5) and (2.2) we get for e < \z\ < 1 

e 7ff e (z) C\z\~ lQ . 


By Lemma 4.3, we get 


(5.1) 


(5.2) 


\B e (F,n)\ 


: E 


L M n 


\n + ce 


— Cfxe^ 


: /o” 6 e' 1Xr [iy {dr) 


dc. 


(5.3) 


where yy(dr) is the measure defined by y,y(dr) = J^ K y,y (dr, dd). 

Below, we want to show that the integral in the exponential term above carries a big amount of mass, 
and we will look for this mass at some place where the process r4i r takes on values close to its maximum, 
which is between n — 1 and n on the set M n , e . To locate this place, we use the stopping times T n -\ and T n 
defined by (4.4) which are finite and belong to [0, In i] on M n _ e . We deduce 


\B e (F,n)\ 


[ e ac ~E 

lM„, 6 |n + c|e-^ CCe7( ” _1)/ -' 

Jr 



dc 


where we have set 


Ir, = 


0 7 


liy(dr). 


/T n _! 


By making the change of variables y = e 7(c+n)/ nj we get 


(5.4) 


B e (F,n) < Ce~ 


y-y X (1 + | lny|)e 


~yi.Ce ry 


dy E 


3 -M n 6 (1 + | In In\)In 


Then we bound 


E 


l M n 


Xl + \im n \)I n '] <P(M n , e ) 1 / 2 E[l M „, e (l + |lll/n|) 2 /n 


Hence, by Lemma 4.4 we conclude 


H(F;e,n)<Ce-" ff P(M„, e ) 1 / 2 . 


The claim (3.18) then follows by the dominated convergence theorem since for each fixed n, the proba¬ 
bility P(M„ i£ ) goes to 0 as e goes to 0 (see Lemma A.l). □ 
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Proof of (3.17). 

Proceeding as in the proof of (3.18) we get 


A e (l,n) < Ce ~ na E 



x ln i )In 7 i 


where I n is as in (5.4). Now, we have 


E[U/„, t (n - x ln i)\T Tn V a(Y)\ = E[l n 


se[0,ln 


iAn-x s )^o(n- x ln i)\F Tn v a{Y)\l Tn ^ ln i 


lmin se [ 0iTn ] (n—x e ) > o( n x T n )^T n ^ In i 
= lmin se [ 0iTn ] (n—x s ) > olr„ < In i 


SO that _ 

H e (l,n) < Ce- na EI~~ < Ce" nCT . 

from which the estimate (3.17) follows. 


Proof of the first part of (3.15), i.e. the existence of lim e -s-o A e (F,n). 

Now, we need to establish the existence and non triviality of the limit of A e (F,n) : i.e. one part of (3.15). 
Since H e converges in H ~ 1 (§ 2 ) towards H 1 it suffices to study the convergence and non triviality of the limit 
for F = 1 and fixed n. We claim that this will result from the convergence in probability of the quantity 
f D e jHe dM 1 under the probability measure 8 n towards a non trivial limit. To see this, make the change 
of variables y = e TC f D e' ,He dM 7 to get 


C E 


<-M n 


,(n-x ln i)e 


-^ c f D ,«' 


-y H e 


dM~y 


dc 


= 7 _1 E[/"] / y-- L e~^dy x E' 


L M„ 


e' dM~ 


d € 


Under the probability measure 0” the process 14 (n- x t ) is a 3d Bessel process hence min sg j 0 ln ij(n — 
x s ) converges almost surely to a finite random variable as e goes to 0 and therefore 1 m„ e converges to 

Uax ae [ 0iOO ] (x s )e [n—l,n] ■ 


Take any non empty closed ball B of 1 
thus 


containing no insertions Zi. Then sup e H e is bounded in B and 


( J e lH * dM . 7 ) 7 CM 7 (B)- 


Let 6 > 0 be such that B C B(0,S) c . Then 


E * 1 


M 7 (B)-f ^ C(n + 1 )- 1 E[/ 5 ”M 7 (B)-7] < C(n + 1 )“ 1 E[(/^) 2 ]^E M 7 (B)"^] 


Because GMC admits moments of negative order [11, theorem 2.12], the last expectation is finite. Hence the 
dominated convergence theorem entails that to prove our claim it is enough to establish the convergence 
in probability of the quantity f D e lHl dM 1 under the probability measure 0" towards a non trivial limit. 
Because M 7 is a positive measure and because of the bound (5.2), this is clearly equivalent to the finiteness 
under 0" of the quantity f R2 ed H dM 1 . Outside of the ball B( 0,1), the finiteness results from the fact that 
J D e lH dM 1 < oo under P (see see [2, proof of Th. 3.2]), and the absolute continuity of 0" with respect 
to P when restricted to T\. The main point is thus to analyze the integrability inside the ball B( 0,1). It is 
clearly enough to show 

r i 


J 5(0,1) M 7 ^ 

This follows from the following Lemma 5.1: 


dM 7 < oo, a.s. under 0 r 


(5.5) 


□ 
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Lemma 5.1. The measure M 1 satisfies 


E fc 


■Jb{ 0,1) M 7 ^ 


M 1 ( dx ) 


< 00 . 


(5.6) 


Proof. Under the measure 0”, the process t>-> n — x t is distributed like \n — Xo + B t \ where B t is a standard 
3 dimensional Brownian motion (here, we identify n — Xq with (n — xo)(l, 0,0)). We suppose the Brownian 
motion lives on the same probability space. Then, if N denotes a standard 3d Gaussian variable (under 
some expectation we will also denote E), we have 


E fc 


0 , 1 ) 


n|7Q 


M 7 (da 


U C E' 


e" 


oo 

/ e? Xr fly (dr, dO ) 

L Jo J o 

pOO /»27T 


= Ce T "E e ” 


= Ce^E 0 ” 

'-Jo 

< Ge 27n E [e 7 |xol ]E e 


0 —^\n—xo+B r \ 

L Jo Jo 

e - 7 |ra-xo+B T .| 


p Y {dr, d9) 


pOO 


a —y\ B A 


dr 


= Ce 2in E 


L J0 
e -lVT\N\ dr 


L J 0 

oo 


= Ce 2in ( / e~^dr )E 


wj 


< oo. □ 


6 Renormalization of the Q-puncture vertex operators 

6.1 Proof of (3.16) 

Using (5.2) and proceeding as for (5.3) we get 


A e (l,n) < C / e ac E 


1 m„ 6 exp - 


/ f' 11 ' 


e^ \x Y {dr 


dc 


The stopping time T n = inf{s; x s > n — 1} is finite and belongs to [0, In 1] on M„ )£ . We deduce that 


4(1,«)<C f e ffC Efl MB<n{TB<ln ^ 1} exp(-/ie 7C Ce 7 ( B - 1 h(r n )) 

Jr L ’ e v ' 


dc 


+ C e ac E 


L M„, 6 n{T„ > In i- 


1 } exp(-/re 7 C Ge 7 Xln l- l/(ln ' 1} ) 


dc 


=: a € (n) + b e [n) 


( 6 . 1 ) 


( 6 . 2 ) 


where we have set 


pz+l 


/(*) = / e^~ x ‘> p Y {dr). 


We will show that there exists a constant C > 0 such that for all n 

(lni)*a e (n), (lni)H e (n) < Cne~ an , 

which is enough to complete the proof of (3.16). 

We begin with a e (n). By making the change of variables y = e y ( c+n >I(T n ), we get 


(6.3) 


a e (n) ^ Ce 


~ na / y^~ l e~^ Ce " :y dyE 


L M~ 


e n{T„<lni-l}-^(^rj) 
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It suffices to estimate the last expectation. Obviously, we have 


E 


*-M„ : 6 n{T n <ln A- l}I(T n ) 7 


< E 


4 min ™e[0,T„] n-x u > 0}^-{min u€[Tn + l lnl] (n-x Tn +i)-{x u -x Tn+ i) ^ 0} ‘ 


i{T n y 


(6.4) 


By conditioning on the the sigma algebra TlT n generated by {x r ,r ^ T n }, {x r — XT n +i,r ^ T n + 1} and 
{xT n +1 — n}, we see that we have to estimate the quantity 


E[/(o) 7 \x a+ i — x a \. 


We claim 

Lemma 6.1. There exists a constant C (independent of any relevant quantity) such that for all a > 0 

E[J(a) _7 |a; a+ i - x a ] < c(e~ a(Xa+1 ~ Xa) + l). 

The proof of this lemma is given just below. Admitting it for a while and given the fact that the random 
variable Xt„+i — n is a standard Gaussian random variable, the conditioning on "Ht„ of the expectation 
(6.4) thus gives 


E 


^ M n ,en{ T n <ln i-1} 


HTnY- 


< C / E 


l{min„ e[ 0 ,T„] n-Xu 3= 0} l{min ue[Tm + l ln i ] -y-(x u -x Tn + i) > 0} 


(e—G+ 1 ) + 1 )e~ y2 / 2 dy 


To estimate the expectation in the integral, use the strong Markov property of the Brownian motion to 
write 


E 


l{min„ e[0iT „] n-x u > 0} l{min ug[Tn + 1 ln ^ ^ 0} 


=E 
< E 


l-{min ue [o,T n ] n—Xu ^ 0} J-{min 


t e[T n ,lni-l] 


I_H -y-{x u -x Tri ) > 0} 


l mi \e[o,ini-il n+max(0,-y)-x„ ^ 0} 


<(7) 


2^1 n + max(0, —y) 


(In 7 ^ 1 )' 


where in the last inequality we have used Lemma A.l. We deduce 


E 


All in all, we have obtained 


1 


L M„, 6 n{T„<ln 4-1} 


I{TnY 


lx-4 -r, 


< C(ln-)-*ne 


sup (In i) 7 a e (n) ^ Cne na , 
ee]o.i] 


which proves the claim. The same argument holds for b e (n). □ 

Proof of Lemma 6.1. Notice that the joint law of [(x r — x a )r£[a,a+i], x a +i~ x a ^j is that of ((B u —B a ) u ^ aa+ q, B 
B a ) where B is a standard Brownian motion starting from 0 (independent of Y). Hence the law of 1(a) 
conditionally on x a +i — x a = x is given by 


D 7Bridge“ 


Py (dr ) 


' CL ~\-1 
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where (Bridge°’ x ) r j is a Brownian bridge between 0 et x with lifetime 1. Hence it has the law of r i-> 
B r — rB\ + ux. By convexity of the mapping x K > x~ q for q > 0 and the fact that the covariance kernel of 
the Brownian Bridge and the Brownian motion are comparable up to fixed constant, we can apply Kahane’s 
inequality [7] to get that 


E[/(a) i \x a+ i - x a = x\ < CE 


a-\-\ 


7 (B r -S a ) + (r-a)ri 


/ly (di 


From Lemma 4.3 and the fact that e^ r a ^ x 


> e x A 1 for r £ [a, a + 1], this quantity is less than 


E [1(a) y \x a +i - Xa = x] ^ c(e ra Vl). 


This proves the claim. 


□ 


6.2 Proof of (3.15). 

First notice that 


N r r 

A t ( 1, n)= e ac E 1 Bn e exp f - /ze 7C / e 7ffe dM^) 

n=0 •'* •'W 


dc 


where 


Bn e = i min N — x u ^ 0}. 


Let us denote by Z e the measure e lHe dM 1 and define 


s e : =( ln 7 )^> h e :=e~ 


Now we prove the upper bound. We have 
N 


yA e (l,n)^ / e CTC E 


dc 


n —0 


= / e CTC E 


b n , c exp ( - ne JC Z e (D h j') 
:[ls J v,J^]exp(- / xe 7 C Z £ (^j) 


dc. 


Using the standard estimate Efls^ < y/2 /ti A =s (see Lemma A.l) we deduce 


N 


N 


lim sup ^2 (lni) T A e (l,n) ^ yipKyA^n). 


e—>-0 


n—0 


n—0 


which completes the upper bound. 

Let us now investigate the lower bound. We denote by (7(e) the annulus {x : e ^ |x| < h e } and by I e the 
set 

Ie = { min (N - x u ) ^ s®} 

u£[0,s e ] 

where 9 €]0, l/2[. We have 


N 


A e (l,n) > / e CTC E 


n —0 


l B N ,e 


exp ^ — ne* c Z e (D ,J - /ze 7 c Z £ (C(e )) 


dc. 
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Using e u ^ 1 — u 2 , we deduce 
N « 


— ue' yc Z, 


5>(l,n) > / e CTC E l BjVie l 7 f e-^ 


n=0 


^)(l- A i^e^ 7 C Z £ (C(e))^) 


dc 


lBiV,e e 


~^ c Z e {D hc ) 


= / e ac E 
Jr l 

— /jD f e c (^ 7+<T ) E 
J R 

=:Bi(JV, e) - B 2 (JV, e) - B 3 (IV, e). 
We now estimate the above three terms. 

We start with Bi(N, e). We have 


dc — / e CTC E 
Jr 




-lie* c Z e (D ht ) 


1 Bn ,1 i e e-^ cz ^ D ^Z e (C(e))? 


dc 


dc 


(6.5) 


E[ls w J^e] = 1 jW§)* h^^e-^du 


> 1 r 1 1 [ \/ In ^ Se e -TT du 

' BN ’ h * {N-x B€ < (lni- Se )4}W-' y o 


N ~ X s 

>lB N , h . ‘ 1 . 


, i_= 


i"6 n T —Se) 


^/ln T — S e {Af-x Se < (In 1 -Se)4 } 

Plugging this relation into B\ ( N , e) we deduce 


B 1 (lV,e)>(i)^e-^C ln ^- s ') I (lni-s e )" i ( / e ac E 


- /, e< " < w - s..)*-'-’™-’ 

=: Ai(e) + A 2 (e). 


B N ,A N - ^Se) ex P ( - A ie lc Z e (D he )^ 
dc 


dc 


It is clear that 


N 


N 


lim(hii)^ Ai (e) = lim^Z A e (l,n) = ^A(l,n). 

n=0 n=0 

It remains to treat A 2 (e). By making the change of variables y = e yc Z e (Dh J, we get 


(ln±)*A 2 (e) < CE fc 


1 i ZADh ) 

. {N-x Se >(ln 4--s e ) T } 


Now we will use the fact that under <d N the event in the above expectation is very unlikely. Using the 
elementary inequality ab < a 2 /2 + b 2 /2 we get 


E fc 


1 i ZADh ) r 

. {JV-x Se >(ln 4 --«e) ¥ } 


1 '\^Ti 70 i ' 


< (In -) K E' 


. {N-x Be >(ln 4--Se) t }. 


+ (In j) _K E e ZAD i)-^ 


\ —2 — 


Using the fact that a Gaussian Multiplicative Chaos has negative moments of all orders on all open balls, 
the expectation in the second term in the above expression is easily seen to be bounded uniformly in e. 
Hence, the second term tends to 0 as e —> 0. Concerning the first term, recall Lemma 4.5 and the estimate, 
for a 3d-Bessel process (3 1 and u > x 

1 

u oAPt >u) = P 1 (Pi > u/t *) < C— -- A 1 . 

x/t z u — x 
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Therefore 


1/2 


e"( w - > < ta 7 - ».)*) < CE 1 1 i!' I * !| 


S e - X 0 \ 
1/2 


] +P(a; 0 > |(lni -s e )*) 


< 2CE[— i 

| In i - s e - x 0 1 

<2<71n(i)-UC(lni)ie-^ ln ^". 


Hence, choosing k < 1/6 leads to lim e ^. 0 (ln ±) Y A 2 (e) = 0. Thus 


N 


liminf(ln e) ^ 


( 6 . 6 ) 


n —0 


Now we treat B 3 (N,e). To this purpose, we use first the change of variables y = e lc Z e (Dhf) to get 

h~ l+a ! 

B 3 (N,e) < Cni BN ,li e Z e (D h J —Z e (C(e))?} 


=CE 

<: ce 

=CE 


lj.E[Z e (D h .) r Z £ ((7(e)) 7 |(a; s ) s<00 ] 


l % l Je E[Z e (l) k J-V|( ;l ; s ) !<co ]iE[2 e (C( e ))|(i 8 ) s<00 ]^ 


ls Nie l/ e E[Z e (_D^J t |(x s ) s<00 ] : 

/»ln — 


In - 


p 7 x i 


dw) ’ 


■7 + 2(7 I 

^CTE[Z e (£> ha )- — ]iE 


lfijV.l/e 


e 1Xu du 


=CE 


/»ln - 


lB N lh 


e JXu du 


On the set I e , we have the estimate 

An 4- 


which implies 


pin -f- 

/ e 1Xu du^C In ie“ 7S ' = C In * )9/6 

J S* 


lim(ln j)^B 3 (N, e) = 0. 


Finally we focus on B 2 {N, e). We first make the change of variables y = e yc Z e {Dh e ) to get 

B 2 (N,e) < CW 1 \l BN€ l I cZ e {D 1 )- 

We claim 


(6.7) 


( 6 . 8 ) 


Lemma 6.2. Let B be a standard Brownian motion and > x > 0 and 9 €]0, l/2[. Then, for some constant 
C > 0 (independent of everything) 


P f 


(x) :=P X ( min (3 — B u < s®, min j3 — B u ^ o) 

V nG [s e In e] uG[0,—lne] / 

<(/3-x)(lni)-V2^-i/2. 
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Conditioning (6.8) on the sigma algebra generated by {-X§ )U (0);u > 1}, we can use Lemma 6.2 to get 


(lni)^5 2 (iV,eKC S f- 1 / 2 E[(iV-A' §il (0)) + ^p 1 )-^J (6.9) 

The last expectation is clearly finite and bounded independently of e so that 

lim(ln i)^i? 2 (iV, e) = 0 . ( 6 . 10 ) 

and, gathering (6.5)+(6.6) + (6.7)+(6.10), the proof of (3.16) and hence Lemma 3.2 is complete. □ 


Proof of Lemma 6.2. We condition first on the filtration B Se generated by the Brownian motion up to time 
s f . From Lemma A.l, we obtain 


P 


min /3 - B u < ( s t ) e , min /? - B u f 0|.F S , 

. nG[s e ,— lne] u£[s e ,— In e] 




^ i 


(P-B ee ) + 

2 f (Ini--,) 1 / 2 


7T /03-B„ e -0u)«) + 
' di . i -%) 1 / 2 


2 du 


{/3-B Se e[0,( Se ) 6 ']} 


2 {P~B a ,) + 

7 r (In i — Se ) 1 / 2 


L {/3--B Se >(s e n 




(Ini _ Se )i/2 


Integrating, we get that 


Be(x) ^ \ (In s e) ! ® l{min ug [ 0iSe ] /3 — B u > 0} V -®s e )l{,9_ B Se e[0,(s e ) e ]} 


+ 


(^e ) 6 


(Ini _ Se )i/2 


E 


*- { min, 


e[0,a e 


3-B u ^ 0} 


The second expectation is estimated with Lemma A.l. Concerning the first one, we use the fact under the 
probability measure ^ryl{min ug[0 „ ] p-B u > o}(/3 — H Se ), the process (/3 — B u ) u ^ Se is a 3d-Bessel process, 
call it Bess t . Hence, using the Markov inequality, the scale invariance of a Bessel process and the fact that 
the mapping ji-fE 1 -^ 2 — is decreasing, we deduce 


P e (x) ^ \ — (In - — s e ) 1 ^ 2 (/3 — a:)E /3 
V 7 r e 




2 ( l n I_ Se )-l/2 (/3 _ a;)(se) »-l/2 E 0 
7 r e 


{Bess Se ^ (se) 9 } 

1 


-Bessi- 


2 (s.) 9 - 1 / 2 

7r (In i — sf) 1 / 2 

2 (s e ) e ~ 1/2 


(P - x) 


7 r (In i — s e ) 1 / 2 


(/3-z). □ 


A Auxiliary lemma 

Lemma A.l. We have for f} > 0 


P (sup B u < 0) = \ - 


U < t 


Vi 


e 2 du ^ \ / —-p. 

7T i/t 


2 /3 


The proof is elementary and thus left to the reader. 
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